Abstract-This paper proposes a new explicit, step-by-step approach for a generating company to evaluate investments considering uncertainties and future expected investment from its competitors. The new framework consists of i) defining some potential investments to be evaluated; ii) anticipating competitors' future expansion plans using dynamic programming; iii) generating future cash-flow for each investment alternative by clearing the market every year considering the anticipated system expansion over the life time of the plant; iv) computing each plan's rate of return. The evaluation has been carried out on three different technologies i.e. nuclear, coal and combined cycle power plants. We also introduce a probabilistic valuation model to incorporate risk assessment in the evaluation. We extend the framework to consider uncertainties in future load growth and plant technologies' fuel cost and use a Monte Carlo simulation to capture the statistical fluctuations of the rate of return.
INTRODUCTION
Capacity investment decisions in a restructured and liberalized electricity market are more complex to model than in a traditional centralized industry. In this new environment, the decision to build a new plant can be taken by any participating company in the market independently of what its competitors might decide to do.
Since each generating company has limited information on its competitors' investment strategy, it has to anticipate what they might do in the future. Moreover, each generating company also has to forecast what is likely to happen over the lifetime of the plant in terms of demand, fuel cost and the bidding strategies of its competitors. The uncertainties on all these variables must be carefully modelled for a proper individual expansion assessment.
The traditional levelised cost methodology has been widely used as an assessment method for investment. However this approach alone does not take risk into account in an effective way. Therefore it needs to be complemented by approaches that account for risks in future cost and revenues [1] . The classic economic theory has also been further extended by means of probabilistic analysis to take into account the risk and uncertainty in valuing the investment. The authors of [2] use a probabilistic analysis to compare investments in three base-load technologies (combined cycle gas turbine (CCGT), coal and nuclear). The authors of [3, 4] extend the traditional probabilistic production costing model to incorporate probabilistic evaluation and risk assessment and in [5] a probabilistic model to price the risks of bidding strategies in auction for long term electricity contract is proposed. Real option theory, which is a technique borrowed from financial options theory, has recently been used to estimate future uncertainty in prices given the observed volatility. For example, the authors of [6] [7] [8] have used it to determine an investor's optimal generation investment decision in restructured power systems. This paper proposes an investment model for a generating company to evaluate power investment in competitive electricity market considering future investment from the competitors. Instead of simplifying the technique of calculating electricity spot price such as using random distribution of electricity prices [2, 4] , trend extrapolation [9] or a stochastic process such as in real option theory, which do not take into account possible new plants and closure of old ones in the next few years, this paper adopts an explicit approach for calculating the electricity price by clearing the market considering the expected change in the system. This paper also uses a probabilistic analysis to evaluate the investment risks. Fig. 1 shows a flow diagram of an investment evaluation by a generating company, which we shall call company A. This process in general includes stages for investment options identification, investment evaluation and decision-making. In the investment options identification, the generating company defines some potential investment options to be evaluated. When evaluating each possible investment, the generating company needs to consider the fact that other plants will be built and retired over the lifetime of the plant that the company is evaluating. A prototype investment plan for all the companies is then defined using dynamic programming.
MODEL DESCRIPTION

Overview of Investment Evaluation in a Competitive Electricity Market
An expected retirement schedule of the existing plants is provided as input data to the dynamic programming. This prototype is based on the assumption that overall generation expansion will minimize the total cost of expansion and operation over the planning horizon.
In the evaluation framework, the generating company forecasts the load duration curve (LDC), the future load growth and the fuel cost. An optimal step-function approximation to fit the LDC based on the minimization of total penalty function using dynamic programming [10] is used prior to the investment evaluation. On the other hand, the electricity prices are a by-product of the market clearing process every year.
In this process, the generators in the system are stacked in order of bidding price to meet the demand and the price is determined by the marginal generator. Based on these prices, the revenue produced by a new plant can be calculated for every year of its expected lifetime and used to determine the internal rate of return (IRR) and the net present value (NPV) of this investment. Finally, in the decision framework, the generating company compares the profitability of different investments and makes decision on which plant to build.
The proposed model can be extended to consider uncertainties using Monte Carlo simulation as also shown in Fig. 1 . The uncertainties are modelled as probability distributions and a Monte Carlo simulation is used to determine the distribution of IRR for the investment plan. 
Anticipate System Changes Using Dynamic Programming
In evaluating an investment plant over its lifetime, Company A needs to consider the generating plants that will be built by its competitors and itself over the lifetime of the plant that it is evaluating. The new investment plan must therefore be evaluated against a "prototype investment schedule" for the entire sector because these future investments will affect the price of electricity and hence the profitability of the new plant. In this model, the prototype investment schedule for all the companies in the future is defined using dynamic programming (DP). An expected retirement schedule of the existing plants is provided as input data to the DP. This expected investment and retirement schedule from DP are used by the generating company as a base to calculate the revenue of the investment plant every year over its lifetime. DP was one of the most widely used algorithms in expansion planning before the restructuring of the electricity supply industry [11] [12] [13] . Some commercial packages like WASP [14] use DP to find the "optimal" generation expansion planning strategy. DP is applied over a time horizon to find a set of optimal decisions to minimize the objective function subjects to several constraints. This paper uses a similar technique for finding the optimal generation expansion using DP in developing the prototype investment schedule. This prototype assumes that generation expansion by company A and its competitors will approximately minimize the total cost of generation expansion while meeting a minimum reserve capacity requirement for the system. In other words, it is assumed that the industry will behave in a rational manner in the long term and will not let the reserve capacity decrease below a level that might endanger the security of supply and hence trigger intervention by the regulator of the government. A set of potential investment technologies available to each generating company is defined at each year of the optimization horizon.
The total generation expansion cost is defined as follows:
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where TC is the total cost of expansion over the planning horizon, PC t is the total production cost at year t, IC t is the total investment cost at year t, FOM t is the total fixed O&M cost at year t, VOM t is the total variable O&M cost at year t, X t is the cumulative capacity (MW) vector in year t, U t is the capacity addition vector in year t and T is the number of periods in the simulation horizon. The production cost of each unit is given by the product of the marginal cost unit times the power produced. The power produced each year is computed by clearing the market at each segment of the LDC as will be explained in section 2.3.
This objective function is subject to several constraints:
where R is the reserve margin with X t at year t and C t is the available investment capacity in year t.
The first constraint in equation (2) shows that the cumulative capacity in year t is updated by adding the previous capacity with the new capacity addition in year t. For each year, Equation (3) constrains the installed capacity to be within the minimum and maximum reserve requirements allowed in the system. The maximum reserve constraint is set in the formulation only to reduce the state space of the DP simulation.
Equation (4) shows that the capacity addition in each year is subjected to the investment availability in year t.
Modelling a Competitive Electricity Market
The market is cleared for each segment of the LDC at each year. The market clearing process is modelled as an optimization problem [16] in which the total yearly operating cost is minimized:
where S is the number of segments in the LDC, I is the number of generating units participating in the market, MCb i is the bidding price of generating unit i, p i,s is the power produced by generating unit i at segment s and d s is the duration in hours of segment s.
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The objective function is subject to several constraints:
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where pd s is the system demand at segment s and rd s is the spinning reserve requirement for segment s.
The first constraint is enforced so that the selected generation meets the load demand of segment s; as in equation (6). Each of the generating unit is also constrained by its minimum stable generation and its maximum capacity as in equation (7). Since the market clears simultaneously energy and spinning reserve, constraint (8) needs to be enforced.
The market-clearing price is the cost of providing an additional megawatt of energy, and is thus assumed to be the marginal cost of the marginal energy producer.
The spinning reserve price is the net cost of getting an additional megawatt of reserve. The model assumes that each generating company bids at a price that covers both its variable and quasi-fixed production costs. Since the actual power produced by each generator is not known prior to the actual clearing process, it is assumed that the generators bids hedge for the minimum stable generation as follows: 
Decision Making Process
The decision making process consist of determining which investment option is the most profitable. Therefore information about the expected revenues and costs for each investment plant are required. The market clearing process is performed at each year of the plant's lifetime. After simulation of the market clearing process, the profits made by the company are computed as follows:
where J is the set of generating units that belong to a given generating company, ER j is the yearly revenue made from energy market, SR j is the yearly revenue made from providing spinning reserve, PC j is the yearly production cost of generating unit j, FOM j is the yearly fix O&M cost of generating unit j, VOM j is the yearly variable O&M cost of generating unit j, NWC j is the yearly nuclear waste cost of nuclear technology and CC j is the yearly carbon emission cost of coal and combined cycle technologies.
The yearly energy revenues, revenues derived from providing spinning reserve, production cost, fix and variable O&M cost, nuclear waste cost and carbon emission cost are given by:
where π 
where CF t is the net cash-flow at year t, T is the number of years of cash-flow in investment's life, t is the year in which the cash-flow CF t occurs, r is the IRR of the investment and k is the discount rate.
This revenue evaluation takes into account the prototype investment scheduled produced using DP and the retirement of generating plants that have reached their expected lifetime. If a generating company is evaluating two plants for expansion, the plant with NPV>0 and greater IRR will be selected.
Investment Evaluation under Uncertainty
Modelling Uncertainty in Load Demand and Fuel Cost
When assessing an investment under uncertainty, the future demand and fuel costs must be predicted considering their volatility. In this research, the forecast load demand and fuel costs are modelled as normal probability distributions function. The LDC is modelled with uncertainties not only on the amplitude but also on the duration of each segment. The magnitude of segment s is given as
; where µ is the expected value and σ is the standard deviation.
Since the LDC has a length of 1 year, the following equality must hold: (20) Similarly the uncertainty on the fuel cost is modelled by a Gaussian distribution,
where µ f is the expected fuel cost and σ 2 f is its variance.
Probabilistic Evaluation and Risk Assessment
A Monte Carlo simulation is used to determine the probability distribution of IRR.
The IRR of the cash flow for each scenario is calculated for randomly selected demands and fuel costs using the specified probability distributions. This Monte Carlo simulation characterizes the probability distribution of IRR. The resulting IRR probability distribution provides investor a much richer analytical framework to assess power generation investment. Fig. 3 and Fig. 4 show an illustrative example of IRR probability and cumulative distribution function for a power plant. Instead of finding the Value at Risk (VaR) with a given probability as usually considered in financial analysis as defined in [17] , we provides the VaR equal to Minimum Acceptable Rate of Return (MARR). From the distribution, for a given value of MARR, the probability of getting an IRR less or greater than MARR can be computed. In other words, this answers the following 
CURVE
In scheduling energy generation, the LDC is usually approximated using a stepfunction. In general this approximation is usually produced by sketching or in some other ad hoc manner. However, because the expected profitability of any investment plan is very dependent on the shape of this discretized LDC, it is necessary to use a rigorous technique to discretize the LDC. Some techniques have been developed to find an optimal step function that fit the LDC. The first attempt was proposed by Loney [18] who used dynamic programming with a six step approximation. The authors of [10, 19 ] extended Loney's algorithm. In our model, the algorithm proposed by [10, 19] to discretize the LDC based on the minimization of total penalty function is used prior to the investment evaluation.
Formulation and Algorithm
A three step-function of a typical LDC as in Fig. 5 [10, 19] is used to illustrate the methodology. 
The goal of this optimization problem is to find the value of T 1 and T 2 in such a way that this total penalty is minimized.
Results of the Optimal
Step-Function Approximation Using DP
The simulations were carried out for a six step approximation of the LDC using a penalty function, ( ( )) 1 p e x = . The hourly load data is from the PJM RTO regions [20] for the load from 1 st January 2008 to 31 st December 2008 with the total hours of 8784
hours. Fig. 6 shows the six step approximation of LDC from PJM market with the break points and the total error are tabulated in Table I .
Steps example an LDC with more steps at the higher loads; we found that the profitability of the investment plants is very sensitive to the shape of this discretized LDC.
MODELLING AN OLIGOPOLY MARKET
The market model explained in section 2.3 represents an electricity market with perfect competition. Generators are thus expected to bid at their marginal cost.
However, under an oligopoly markets, the players in the market may employ restrictive trade practices such as collusion, market sharing, and various strategies to raise the price. For this reason, in modelling an oligopoly market we estimate the bidding behaviour of the generators using a price duration curve from a real market such as PJM market.
Extrapolating the Bid Price of Generating Units in an Oligopoly
Lucas and Taylor [21] found that generators with lower running costs are bid below their marginal cost, while the more expensive ones are bid higher than their marginal cost. Generators that are technically flexible can start and shut down quickly when needed. However they tend to be more expensive. These generators command a premium for their flexibility, therefore owners of these plants can afford to bid high and still expect the plants to be run. Furthermore, these generators have less competition in setting the price at the higher loads since most of the generators with lower marginal cost have been committed to supply energy at lower loads. This provides them an opportunity to bid high but still expect the plants to be committed.
In modelling this kind of bidding behaviour in an oligopoly market, we assume that the bid price of each unit will imitate the bidding behaviour in a real market such as PJM. Since the shape of the mathematically (PDC) is dependent on the production cost of generating units, load, generation availability, unit commitment, transmission constraints and strategic bidding [22] , we used the PDC from the PJM market to extrapolate the bid price of the generating units, whereas the production cost and load have been considered in determining the market price as in section 2.3.
The PJM weighted average real time locational marginal price data [23] 
RESULTS AND ANALYSES
Three types of analyses have been carried out using the model described in the previous sections. These include; 1) a comparative investment evaluation for nuclear, coal and combined cycle technologies; 2) a study of the effect of various scenarios of future changes in the system on the profitability of the investment; and 3) an evaluation of investments under uncertainty.
Investment Evaluation for Nuclear, Coal and Combined Cycle Technologies
This analysis is carried out for a generating company wishing to compare investments in three different technologies i.e. nuclear, coal and combined cycle gas turbine.
Test Data
The analysis has been carried out on the IEEE-RTS [24] omitting the hydro generation, which consist of 26 generating units and a total of 3105MW of installed capacity. The existing technologies in the system are listed in Table II Table IV . The technical and cost characteristics of these candidates are given in [2] . The optimal six step-function of LDC obtained in section 3.2 and shown in Fig. 6 is used in the investment evaluation. It is assumed that the magnitude of each segment of the LDC increases by 2.3% every year. The NPV of each investment plan is calculated using 10% of discount rate. In this analysis, Company A considers making investment in an oligopoly market as previously modeled in section 4.0. The prototype future system expansion schedule from DP is obtained considering the installed capacity is within the 18% minimum and 30% maximum reserve requirements. Uncertainties in the load demand and fuel cost are not considered. Fig. 10 shows the expected cash flow for an investment in a nuclear plant over its expected lifetime. In this system, the plant collects revenue by selling energy and by providing spinning reserve. The revenue collected by the plants each year is based on the energy and spinning reserve prices resulting from the market clearing process each year with respect to the expected changes in the system from the DP calculation.
Since each new plant enters the system at a different year, the DP gives a different optimal solution of the prototype system expansion and hence different expected energy prices for each plan under evaluation. The results of the DP will be discussed in detail in the next analysis.
Being a base unit in the system, the revenue of the nuclear plant depends mostly on the price of energy. This is shown in Figures 10 and 11 where the expected revenue of the nuclear plant follows the trend of the energy prices over its lifetime.
On the other hand, the revenues of the coal and combined cycle plants, which are intermediate and peak units respectively, depend on both the energy and spinning reserve prices.
Comparing the three technologies, the combined cycle plant, which has lower investment and O&M costs and a shorter lifetime, provides higher rates of return than nuclear and coal technologies. On the other hand, the coal plant, which has a high investment and O&M cost as well as a high cost for carbon emissions, is a less desirable investment. Although the nuclear plant has a high investment cost, being a base unit in the system and providing clean energy makes it the second most profitable investment after the combined cycle power plant. Table V shows Table V IRR, and NPV of the investment plants
Anticipate System Changes Using DP at Various Load Growths
This analysis is carried out by Company A to perform a sensitivity analysis on the profitability of the investment plans with respect to various scenarios of future changes in the system. These scenarios are obtained from the DP considering different forecasted rates of load growths.
Test Data
Similar test data, LDC, market model and assumptions as in 5.1.1 have been used in this analysis. Since the objective of this analysis is to study the effect of future changes in the system on the profitability of the new plant, the analysis is carried out for the nuclear plant only. Three different scenarios of forecasted load growth i.e.
2.7%, 2.3% and 1.5% have been tested.
Test Results
Fig . 12 shows the first 15 years of the 44 years of the prototype system expansion schedule resulting from the DP assuming a 2.3% load growth each year. No new plant will be added to the system at year 6 and 7 as the nuclear plant considered by Company A will enter the market at year 5 is enough to cater the load growth for the coming years. More new plants will be added to the system at year 9, 11, and 15 to replace some of the existing units that retire.
Fig . 13 shows the prototype system expansion schedule considering the case with a higher load growth (2.7%) in the system, which in average shows more new plants will be added to the system. On the other hand in the case of a smaller load growth i.e.
1.5%, it is expected that fewer new plants will be built over the planning horizon. This is shown in Fig.14 . It is expected that a bigger installed capacity in each year with a 2.7% load growth considered in the system than 2.3% and 1.5% load growth as shown in Fig. 15 . The reserve margin in the system remains within the required limit for all the load growth cases. Figure 16 shows that the DP simulation keeps the system reserve just above the minimum requirement i.e. 18% in order to minimize the total cost of expansion and operation in the system over the simulation horizon. The expected average energy price fluctuates but overall increases as the demand increases over the planning horizon. A higher load growth in the system provides expensive generators the opportunity to dispatch energy and hence leads to higher market clearing prices. This is shown in Fig. 17 where the 2.7% load growth in general results in higher energy prices than the smaller load growths and hence provides higher rate of return for the nuclear plant. 
Investment Evaluation under Uncertainty in a Competitive Electricity
Market
The analysis is further extended to carry out an investment evaluation in a competitive electricity market considering uncertainties in future load demand and fuel cost using a Monte Carlo simulation.
Test Data
The analysis has been carried out on the same test system as in 5. The characteristics of the investment technologies that can be selected by the DP for the prototype system expansion are given in Table VIII distributions with a mean value equal to the magnitude of the segment times the demand peak value and a standard deviation of 1% of the mean value. Similarly, the fuel costs are modeled with a Gaussian distribution with the following mean values:
2.31 $/MBtu for coal, 13.5 $/MBtu for oil and 5.54 $/MBtu for gas [25] ; and a standard deviation of 1% of the mean value of the fuel. The LDC used for the prototype calculation using DP has the same values and increases at the same rate but uncertainty is not considered. The minimum and maximum reserve requirements in the DP are set at 18% and 30% respectively. It is assumed that all the existing generating units are sunk costs at year 0. At least 1000 trials of the Monte Carlo simulation are performed.
Test Results
Fig . 18 shows 12 of the 28 years of the prototype system expansion schedule resulting from the DP calculation. The new plant being evaluated by Company A (Plant_1) comes on line after construction is completed at year 4. The DP is carried out for the lifetime of Plant_1 i.e. 25 years. It is expected that Company B will build PGF_10 in year 6 follow by Company A with PGF_14 in year 7 and so on. More plants will be built at years 9 and 11 to replace some of the existing units that are retired. When Plant_2 with a different capacity is evaluated, the DP gives a different solution of prototype system expansion. proposed technique is also able to model the electricity market price and its dependence on changes in the system. A rigorous technique to discretize the LDC based on the minimization of total penalty function is used for the investment evaluation. An interesting extension of the analysis is to consider the uncertainty in the competitors' expectation from DP.
